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TIMSS
Trends in International Mathematics and Science Study

US Teachers Hong Kong, Singapore,
Japan

Learning terms and practicing 
procedures

Instructional
focus Structured problem solving

Covers 80% of tested topics Pace About half the tested topics

Mile wide, inch deep Curriculum Greater depth and 
coherence

How can I teach my students 
to get the answer to this 
problem?

Teachers  
plan by 

asking…

How can I use this exercise 
to teach mathematics they 
don’t already know?



International Research



TIMSS Video Studies 
 1995 Video Study

 Japan, Germany, US
 Teaching Style Implicated

 1999 Video Study
 US, Japan, Netherlands, Hong Kong, Australia, Czech 

Rep.
 Implementation Implicated 

7Stigler & Hiebert, 2004



Work Space



High Achieving Countries
MAKE CONNECTIONS

United States
TEACHES PROCEDURES



Structures and Connections

What is 42 ?

Procedure versus Structure/Connections
Make a square out of your 4 unit linear side



Work Space



Exponents and CONNECTIONS

Square Roots!

16 = 4

The length of 
one side!

Distance Formula

Geometry and 
Measurement

Pythagorean 
Special Triangles 
Trigonometry



Connections 

42



Components of Number 
Sense Overview



What’s the “Big Idea”?



Numeration

Quantity/

Magnitude

Base Ten

EqualityForm of a 
Number

Proportional 

Reasoning

Algebraic and 
Geometric 
Thinking

Components of Number Sense 
(almost!)



Understanding and Instruction

We can only instruct our students as well as we 
understand the mathematics:

The better we understand the math, the better 
decisions we will make regarding what the student 
needs to achieve and how to instruct the student!



Knowing and Teaching 
Elementary Mathematics (Liping Ma)

 Compared and contrasted the pedagogy of 
Chinese and American teachers

 Found that American teachers were much 
weaker in content and conceptual knowledge

 Found American teachers teach procedurally 
rather than being driven by the logic of the 
mathematics (implementation)

 Ma presented information through teacher 
responses to elementary math questions



Defining Issue in Implementation

…is the teacher’s own
understanding of Mathematics. 

Liping Ma (1999) 



Problem #1 Subtraction 
72

-15

How would you approach this type of problem if you were 
teaching second grade?



Problem #1
Subtraction with Regrouping

American Teachers — Procedural approach 
 The “pedagogic insight "of the teachers
 Once the student can take a ten from the tens place and turn it into 

10 ones, then they can address the problem correctly. Problem 
solved.

 Manipulatives suggested to explain this step only.
 Manipulatives sometimes used in a way that they did not actually 

demonstrate process of regrouping.



Problem #1
Subtraction with Regrouping

Chinese Teachers — Decomposing and 
Composing a Higher Value Unit
 Pedagogical insight: implemented the package of critical 

information embedded in subtraction
 Saw this problem as connected to addition through 

composing and decomposing units
 Demonstrated multiple ways of regrouping
 Found the opportunity to explore the basics of our base 

ten system



15

- 8

7



Why do we do 
this?

24

1 5
- 8

7

15

15 - 8

Cain, Faulkner, & Fanelli



Subtraction: Decomposition

Minuend
 Is the first number in the subtraction problem.

Subtrahend
 Is the second number or the number that is being subtracted in the 

subtraction problem.

Difference
 Is the final answer after the subtrahend has been subtracted from the 

minuend.

7 – 4 = 3
Minuend Subtrahend Difference

Cain, Faulkner, & Fanelli



Approaching Computation

Achievement 
Level

Counting All Counting On Known Facts Derived Facts

High 
Achieving

0% 9% 30% 61%

Low Achieving 22% 72% 6% 0%

Gray & Tall, 1994



18  = 10 + 8

Expanded Form
Using Expanded Notation



18 - 9

10 + 8
- (9 + 0)

1 + 8 = 9

Subtraction: Decomposition
Using Expanded Notation



(4 + 3) + 2

+ +
4 + 3 + 2 =

9

Subtraction: Decomposition



Subtraction: Decomposition
7 + 2

+
7 + 2 =

9



Subtraction: Decomposition
(3 + 2) + 4

+ +
3 + 2 + 4 =

9



Subtraction: Decomposition

32

5 + 4

+
5 + 4 =

9



18 - 9

(10 + 5 + 3)
- (  9 + 0 + 0)

1 +       5 = 93+ 

Subtraction: Decomposition

Using 
Decomposition 
instead of, or in 

addition to, 
Expanded 
Notation

Cain, Faulkner, & Fanelli

________________



18 - 9

(5 + 5 + 5 + 3)
- (5 + 4 + 0 + 0)

1 +       5 = 93+ 0 +       

Subtraction: Decomposition
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25 - 7

(20 + 5)
- (  7 + 0)

Subtraction: Decomposition

Expanded Notation doesn’t get a student as 
far here.

Try other ways to decompose the number.

Try Expanded 
Notation…

Cain, Faulkner, & Fanelli



25 - 7

(10 + 10 + 5)
- (  7 +   0 + 0)

3 +       10 = 185+ 

Subtraction: Decomposition

36



25 - 7

(10 + 10 + 5)
- (  5 +   2 + 0)

5 +       8 = 185+ 

Subtraction: Decomposition

37



127 - 25

(100 + 25 + 2)
- (    0 + 25 + 0)

100 = 1020+ + 2

Subtraction: Decomposition

38



Work Space



Why do we do 
this?

Subtraction: Keeping the 
Distance

1 2
- 9

3

12

12 - 9

Cain, Faulkner, & Fanelli



Subtraction: Keeping the 
Distance

41

12 - 9

Move each number on the number line in order to make the 
computation easier.

1 2
- 9

3

13
- 10

3



Subtraction: Keeping the 
Distance

42

12 - 9


Number Line

 (
                      3
) (
                     3
)



         







9            10            11            12                               10            11            12            13





Subtraction: Keeping the 
Distance

43

15 - 7

1 5
- 7

8

15



Subtraction: Keeping the 
Distance

44

15 - 7

Move each number on the number line in order to make the 
computation easier.

1 5
- 7

8

18
- 10

8



Subtraction: Keeping the 
Distance

45

15 - 7


Number Line

 (
                      8
) (
                     8
)



         







7     8    9  10  11  12   13 14 15                               10  11  12  13  14   15  16 17  18









Work Space



Subtraction: The Number 
Between

1. Choose a number that is in between the minuend and 
subtrahend.

2. Look to see how far the minuend is from that number.

3. Look to see how far the subtrahend is from that 
number.

4. Add those distances together to find the difference.

47



Subtraction: The Number 
Between

48

29 - 17

9
+ 3
1 2

2 9
- 1 7

2 0
2 0

Original Chosen # Distance from original to
chosen number



3 9

12

Subtraction: The Number 
Between

49

29 - 17



Subtraction: The Number 
Between

50

170 - 145

17 0
- 14 5

15 0
15 0

Original Chosen #

2 0
+ 5

2 5

Distance from original to
chosen number



Work Space



Subtraction: Using the Correct 
Base 10 Language

52



125
- 13

Subtraction: Using the Correct 
Base 10 Language

53



125
- 13

5 ones 
minus 3 

ones

2

12 tens 
minus 1 

ten

11

Subtraction: Using the Correct 
Base 10 Language

Cain, Faulkner, & Fanelli



167
- 145

7 ones 
minus 5 

ones

2

16 tens 
minus 14 

tens

2

Subtraction: Using the Correct 
Base 10 Language

Cain, Faulkner, & Fanelli



275
- 83 ?

2

?

19

Subtraction: Using the Correct 
Base 10 Language

Cain, Faulkner, & Fanelli



17
- 9

Subtraction: Negatives

57



17
- 9

-2

Subtraction: Negatives
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17
- 9

(-2)10 +

Subtraction: Negatives
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17
- 9

(-2)10 + = 8

17
- 9

8

Subtraction: Negatives

60



You Try

61

128
- 94

27
- 18



Math “Facts” vs. 
Subtraction within 20

 U.S. deals with problems like 12-5, 15-7, etc., as 
FACTS to be memorized.

 It does help to have these memorized, however, 
PEDAGOGICALLY, there’s more to it.

 Chinese teach these “facts within 20” as the entry 
point for understanding our number system (develop 
“number sense”, emphasize base ten system)

62



Develop an Understanding of Base 10 
and Equal Exchange

16-4 14-7

12-8 17-3

13-5 19-9

18-9 15-6

63



Know what you are teaching!
 15-8   “Number Fact” (Automaticity)

 15-8 Unlocking the Number System

64



Language Tips: 
Subtraction within 20

 Standard Form and Ones Form

 Equal refers to value

 A ten rod is not the same as ten ones

 Chinese language: “1 ten 2 ones”

 Mathematicians evaluate the form
(e.g., “Is this the form I want my value in?”)

65



Prototype for Lesson Construction

Touchable 
Visual

Discussion:
Makes sense 

of concept

1

2

Learn to 
record 

these ideas

Symbols
Simply record 

keeping!

Mathematical Structure
Discussion of the concrete

Quantity
Concrete display of 

concept

66

V. Faulkner and DPI Task Force adapted from Griffin, 2003



Numeration

Quantity/

Magnitude

Base Ten

EqualityForm of a 
Number

Proportional 

Reasoning

Algebraic and 
Geometric 
Thinking

Components of Number Sense 

© 2007 Cain/Doggett/Faulkner/Hale/NCDPI

Language



Language, Reading 
and Mathematics

Connections and Disconnections



Connection to Categorizing

 3 ones and 2 ones

 3 tens and 2 tens

 3 tens and 2 ones

 3/6   and 2/6

 3/6  and 2/5



Connection to Categorizing

 3 ones and 2 ones

 3 tens and 2 tens

 3 tens and 2 ones

 3/6   and 2/6

 3/6  and 2/5



Concrete Reality

8 - 5 = 8

7 - 4 = 7



Cain, Faulkner in
Teaching Children 
Mathematics

Cain in 
Teaching Exceptional 
Children

Faulkner in Teaching
Exceptional Children



Are these the same?

4+4 = 7+1





Are these the same?



7 = 3+4
Equality and Form of a Number



Oral Language

Reading and Writing

Mathematics 

Connections and Disconnections



“This is all reading, 
when do we do the 

math EOG?”



Key Words….

They don’t work! 



We tell them—more means 
add

Erin has 46 comic books.  She has 18 more comic books 
than Jason has.  How many comic books does Jason 
have.  

But is our answer really 64 which is 46 + 18?



Numeration

Quantity/

Magnitude

Base Ten

EqualityForm of a 
Number

Proportional 

Reasoning

Algebraic and 
Geometric 
Thinking

Components of Number Sense 

© 2007 Cain/Doggett/Faulkner/Hale/NCDPI

Language



http://w
w

w
.udlcenter.org/aboutudl/take_a_tour_u

dl

http://www.udlcenter.org/aboutudl/take_a_tour_udl
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